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ABSTRACT 

A non-topological soliton model with a repulsive scalar self-interaction of the Emden 
type provides a constant density core, similarly as the empirical Burkcrt profile of 
dark matter haloes. As a further test, we derive the gravitational lens properties of 
our model, in particular, the demarcation curves between 'weak' and 'strong' lensing. 
Accordingly, strong lensing with typically three images is almost three times more 
probable for our solitonic model than for the Burkert fit. Moreover, some prospective 
consequences of a possible flattening of dark matter haloes are indicated. 
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1 INTRODUCTION 

Real scalar fields could provide mutual connections between 
cosmology and particle physics. The first attempt to admit 
a gravity scalar was by Nordstr0m (1913), whereas Jordan 
(1959) as well as Brans & Dicke (1961) introduced it as a 
means for varying the gravitational 'constant' G with time. 
The most intensive application of scalar fields occurs in the 
early universe scenarios. A prime example is inflation driven 
by the potential energy of the real scalar field, the inflaton, 
and in phase transitions together with the production of 
topological defects (Vilenkin & Shellard 1994). It also arises 
in the theories of superstrings where the dilaton couples uni- 
versality to the trace of the energy-momentum tensor and 
leads to the so-called superinflation driven by the kinetic en- 
ergy of the scalar field (see Gasperini & Veneziano 1993a, 
1993b). 

One of the main predictions of general relativity (GR) 
is the deflection of light in gravitational fields of compact 
objects known as gravitational lensing. Although the deflec- 
tion of light by the Sun, up to a factor of two, was suggested 
by Soldner already in 1801 in the context of Newton's the- 
ory, the correct value of 8 = 4Mq/Rq ~ 1,75" was de- 
rived within the framework of general relativity by Chwol- 
son (1924) and Einstein (1936), see Schneider et al. (1992) 
for more details. Intensive studies of gravitationally lensed 
objects began with the observation (Young et al. 1980) of 
the double quasar Q0957+561 with redshift z — 0.39 and 
were mainly concentrated on the weak gravitational lens- 
ing effect for which the deflection is very small, up to a few 
arcseconds (see Bartelmann & Schneider 2001 for a recent 
review). In general, one can distinguish between lensing on 
non-cosmological and cosmological distances. As for the for- 
mer one can have lensing by a star of solar mass Mq in a 



galaxy with the deflection angles of the order of milliarcsec- 
onds and by a galaxy of 10 n Mo with the deflection angles 
of the order of arcseconds. Although model-dependent lumi- 
nosity distances have to be assumed, this provides us with 
the opportunity to determine the mass distribution of dark 
matter haloes, in particular the inner density slopes. More- 
over, information on the cosmological parameters such as 
the Hubble constant Ho, the deceleration parameter qo and 
the cosmological constant A (Fukugita et al. 1990), can be 
obtained. 

In the case of weak lensing, a comparison with Newton's 
theory is instructive, but all the Newtonian-based intuition 
fails for the cases of the large deflection angles. If one has a 
black hole, or a strong compact object such as a neutron star, 
then the gravitational lensing effects have to be treated in 
fully relativistic terms (Petters 2003). The deflection angles 
can be of the order of degrees allowing the light to orbit the 
lens several times such that multiple images can be formed 
(Cramer 1997, Dabrowski & Schunck 2000). These effects 
are especially interesting for accretion disks (Peitz & Appl 
1997). It is worth mentioning the possibility of gravitational 
lensing by exotic matter such as cosmic strings (Vilenkin & 
Shellard 1994), boson stars (Schunck & Mielke, 1999, 2003) 
and by gravitational waves (Faraoni 1993). 

Recently, Virbhadra et al. (1998, 2002) coupled a real 
massless scalar field to the Einstein equations and got a 
general static spherically symmetric asymptotically flat so- 
lution with a naked singularity which, apart from mass, has 
an extra parameter called "scalar charge". They found a 
possibility of having four images of a source at the observer 
position together with a double Einstein ring. 

In this paper, we investigate the gravitational lensing 
of a spherically symmetric halo constructed from an exactly 
solvable scalar field model with a self -interaction of the Em- 
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den type. To some extent this adopts the proposal of Spergel 
& Steinhardt (2000) that dark matter (DM) could be weakly 
self-interacting, or even a Bose-Einstein condensate (Good- 
man, 2000) with a repulsive potential. Then, DM would be 
more 'collisional' and may avoid the central cusps of the 
conventional cold dark matter (CDM) haloes. 

The paper is organized as follows. In Section 2 we study 
the photon trajectories arising from null geodesies in the 
gravitational field of a spherically symmetric halo. In Sec- 
tion 3 we derive the density profile of our non-topological 
soliton (NTS) model and compare it with other empirical 
profiles, such as the quasi-isothermal sphere or the Burkert 
fit. The rotation curves derived for the NTS halo in Sec- 
tion 4 are contrasted to those emerging from the isothermal 
sphere and the Burkert fit. In Section 5, we discuss the ef- 
fects of gravitational lensing by such bosonic configurations, 
calculate exactly the normalized projected mass, corrections 
due to pressure, and draw the dimensionless weak-field lens 
equation. Demarcation curves between 'weak' and 'strong' 
lensing for the NTS halo are compared with those of other 
prominent models in Section 6. The location of Einstein 
rings, the image separation and magnification are provided 
in Section 7. Section 8 summarizes the results and gives an 
outlook on the consequences of a possible flattening of NTS 
haloes. 



2 PHOTON TRAJECTORIES IN A 
GRAVITATIONAL FIELD 

For reasons mentioned in the introduction gravitational lens- 
ing requires a full general-relativistic framework: 

For spherically symmetric halo, the line element reads 



ds 2 = e v(r) dt 2 - e Mr) dr 2 - r 2 (dd 2 + sin 2 0d<p 2 ) 



(1) 



in which the functions v — v(r) and A = A(r) depend on the 
Schwarzschild type radial coordinate r. 

The main point of our analysis is the gravitational lens- 
ing properties by a bosonic halo and this requires the discus- 
sion of trajectories of photons along a null geodesies in the 
plain •& — n/2. It is equivalent to the energy conservation 

\{%)' + v <-\*-*~ < 2 > 

of a particle with kinetic energy moving in the effective grav- 
itational potential 
- r2 



Veflf = e 



2r 2 



(3) 



Here F := e"dt/dr is the total energy, L := r 2 dip/dr the 
angular momentum of the photon, and r an affine param- 
eter along null geodesies, such that L/F = r 2 e~"d<p/dt = 

— 1//2 

re ' . 

When the light travelling from a source is deflected by 
a halo, the deflection angle is given by (Sexl & Urbantke 
1983, p. 110) 



a{r ) = 2 



be' x/2 dr 



\fr 



b 2 r 



where 

b = L/F(r ) = r exp [-i/(r )/2] 



(4) 



(5) 



is the impact parameter and and ro the closest distance 
between a light ray and the center of the halo for which 
Ve ff (ro) = (F 2 /2) exp[-i/(r ) - A(r )] holds. 

The diagonal components of the energy-momentum ten- 
sor T M "(<3>) = diag (p, — p r , —p±, —p±) of a scalar field are 



P 

Pt 

P± 



2„2 - 

u) P e 



- s( 

= P-U, 



+ P' 2 e- X + U 



)■ 



Pr 



P' 2 e~ x 



which, due to VT^" = 0, satisfy the generalisation 



d_ 

dr 



P + Pi (Pr - P± 



(6) 



(7) 



of the Tolman-Oppenheimer-Volkoff equation for an 
anisotropic 'fluid', cf. Schunck & Mielke (2003). 

For stationary configurations, the equivalent radial 
Klein-Gordon equation reads 



P" + 



A' 



P' 



dU(P) 



dP 2 



(8) 



where P := P(r) = 3>(r, t)e 1 "' is the radial function and U 
a self-interaction. 

The decisive non- vanishing components of the Einstein 
equation are the 'radial' equations 



u' + X' = k(p + Pr)re x 



A' 



npre 



-0 

r 



1), 



(9) 
(10) 



where k = 8nG is the gravitational coupling constant in nat- 
ural units. Two further components are identically fulfilled 
because of the contracted Bianchi identity V M G M " = and 
the energy-momentum conservation(7). 

One of the metric functions has the well-known exact 
parametric solution 



e- A « = 1 
where 
M(r 



2GM(r) 



nM{r) 
4nr 



:=4tt f 
Jo 



pf 2 dr 



(11) 



(12) 



is the Newtonian mass function at the distance r from the 
center. 



3 DENSITY PROFILE OF 

NON-TOPOLOGICAL SOLITONS 

As a solvable toy model (Mielke, 1978, 1979) with self- 
interaction, let us consider the Klein-Gordon equation (8) 
with a $ 6 type potential 

f/(|$j)=m 2 |<I>| 2 (l- X |$j 4 ), *I*| 4 <1, (13) 

where m is the 'bare' mass of the boson and \ a coupling 
constant, which are thought of as constants of nature, cf. 
Mielke & Schunck (2002), Mielke, et al. (2002). 

For a spherically symmetric configuration and the 
choice u> = m, the corresponding nonlinear Klein-Gordon 
equation (8) simplifies in the limit v — A — > of flat space- 
time to an Emden type equation 
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P" + -P' + 3 X P 5 = 0, 

x 

which has the completely regular exact solution 



P(r) = ± X 



-1/4 



A 



1 + A 2 x 2 



(14) 



(15) 



where we introduced the dimensionless radial coordinate 
x := mr, and A = ^/x.P 2 (Q) is a free intergration constant 
depending on the central value P{0). As is rather character- 
istic for non-topological soliton (NTS) solutions, its depen- 
dence on the nonlinear coupling parameter \ is singular in 
the limit x ~ * 0. 

From (6) we find in flat spacetime the energy density 



2p„ 



A 2 



A 2 r 4 c (r 2 



+ r< 



2{r 



(16) 



where the central density of the NTS model po = A(2 — 
A 2 )m 2 is positive for A < \/2 and the core or scale 
radius is r c = 1/mA. For small A, the leading term of the 
Newtonian type mass concentration (16) is exactly the den- 
sity law of the quasi-isothermal sphere (IS) 



(17) 



At large radii the density falls of like p oc r~ 2 which corre- 
sponds to an asymptotically flat rotation curve. The NTS 
density (16) implies a scaling law for the dark haloes of the 
form 



m 1 / 
Po = -=—[l 



2m 2 r 2 



ml 1 
— — oc — 

Vxr c r c 



(18) 



where A, which may vary from halo to halo, cancels out. 
The remaining quotient m/^/x may be tentatively regarded 
as universal constant of scalar dark matter (DM). 

For r c >> 1/m, which is equivalently to x^ 4 (0) << 1 
and therefore within the positive range of the NTS self- 
interaction (13), the approximate scaling relation po oc l/r c 
has been successfully tested by Fuchs & Mielke (2004) 
against the observed properties of various types of galax- 
ies. 

Let us contrast these results with the density law of 
Navarro, Frenk & White (1996) based on simulations of 
conventional, i.e., non-interacting CDM: The corresponding 
generalized NFW profile 



PNFw(r) = Po— 7 



< e < 3. 



(19) 



r € (r c + r) 3 ~ e 

is, however, singular with a cusp at the origin. The original 
NFW profile corresponds to e = 1. More realistic appears to 
be the empirical density profile 



PB(r) = po 



(r c + r)(r 2 + r 2 ) 



(20) 



of Burkert (1995). It has a constant density core, similarly 
as the NTS halo, but a p oc r fall-off at infinity, similarly 
as the NFW profile. 



4 ROTATION CURVES 

In general, for the static spherically symmetric metric (1), 
an observer at rest at the equator of the Schwarzschild type 



coordinate system measures the following tangential velocity 
squared as a 'point particle' (a star or interstellar HI gas) 
flies past him in its circular orbit, cf. Misner et al. (1973), 
p. 657, Eq. (25.20): 



M(r) 



1 , 1 
—rv — — 

2 2 



-\ . 2 

+ K,p T r 



4-zrr 



+ p r r 



(21) 



As is well-known (Wald 1984), a naive application of 
the Newtonian limit would have led us to geodesies in flat 
spacetime, i.e. as if gravity would not affect the motion of 
test bodies like our stars moving in the DM halo. Thus it 
is mandatory to go beyond, as is indicated by our approxi- 
mation of the generally relativistic formula (21). Then, also 
the pressure component p r 7^ of an anisotropic 'fluid' con- 
tributes, as is the case of scalar fields. 

As our simplest fiducial example, we calculate the total 
mass 



M(r) — 47rpor c [r /r c — arctan(r/r c )] , 



(22) 



of the IS halo (17) which implies the corresponding circular 
velocity 



2 K 2 



1 — — arctan ( — 



(23) 



On the other hand, from the Newtonian NTS solution 
(15) and its radial pressure (6), we find the related rotation 
velocity 



where 



Wc <10 -6 



A 2 



(25) 



is restricted by observations. 

According to Eq. (24) of the NTS model, the radial 
component e~ A of the metric (1) asymptotically approaches 



the value 1 — 2v 
coordinate r — » f 



< 1. After a redefinition of the radial 
the asymptotic space has 



r/Vl - 2vl 

a solid deficit angle: The area of a sphere of radius r is not 
4irr 2 , but 47r(l — 2v 2 K )r 2 ' . However, there is a remedy by 
identifying the boundaries of the deficit angle and thereby 
retaining an asymptotically flat metric, at the price of a con- 
ical singularity (Tod 1994) at the origin, similarly as in the 
case of cosmic strings, global monopoles and global textures, 
cf. Vilenkin & Shellard (1994). 

The more realistic phenomenological Burkert fit (20) 
amounts asymptotically to a logarithmic modification of the 
Kepler law such that the velocity tends to zero at spatial 
infinity, with the consequence that no such deficit angle is 
to be expected. 



5 GRAVITATIONAL LENSING BY DARK 
MATTER HALOES 

The lens equation for large deflection angles may be ex- 
pressed as (Virbhadra & Ellis 2000) 



tan (3 = tan 9 — [tan 6 + tan(d — 0)] 



(26) 
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where D\ s and D s are distances from the lens (deflector) to 
the source and from the observer to the source, respectively, 
j3 denotes the true angular position of the source, whereas 
6 stands for the image positions. Observe that, for large 
angles, the distance D\ B cannot be considered a constant 
but it is a function of the deflection angle (Dabrowski & 
Schunck 2000). 

One usually defines the reduced deflection angle to be 



a r • -i ( D ^ ■ -\ 
a := — p = sin ^-^-smaj 



(27) 



Since the gravitational potential \<j>\ < 10~ 4 c 2 of a 
galaxy is rather weak and neglecting pressure, one can use 
the linear approximation to Einstein's equations, for which 



2rcj>' 



(28) 



holds in radial coordinates. Here n := 1 — 2<f>/c can be 
regarded as an effective refraction index in flat spacetime. 
Then the Newtonian potential 



K 

8^ 



p(r') 



JO t 

■a r 



(29) 



as a solution of the Poisson equation via the method of 
Green's functions, is only determined by the energy density 
p. Accordingly, in this approximation the deflection angle is 
given by 



a(f) 



X7±ndl = 2 1 V±<f>dl , 
Jo 



(30) 



where dl ~ dz is along the light path in an appropri- 
ately choosen cordinate system. For a geometrically-thin 
lens (Narayan & Bartelmann 1996), one usually considers 
the mass sheet orthogonal to the line-of-sight, commonly 
called the lens plane. It is characterized by its surface mass 
density 

E(f±) = J p{f ± ,z)dz , 



(31) 



where f± is a two-dimensional vector in the lens plane. The 
deflection angle at position f± is then the sum of the deflec- 
tions due to all mass elements in the plane 



(r-r')xS(rx') 2 , 



(32) 



In general, this deflection angle is a two-dimensional vector. 
In case of circular symmetry, the coordinate origin can be 
shifted to the center of symmetry and, so, light deflection is 
reduced to a one-dimensional problem. 

Then the dimensionless weak-field lens equation can be 
written as 



(33) 



where 9 = \f±\/D\ and S cr = 2D s /{kD\Di s ) is the critical 
surface density. The function g is the normalized projected 
mass 

M±(r±) := 2tt J duu j p (^J u 2 + w 2 ^j dw 

= 4 Wc 3 5 (34) 



enclosed within a projected radius r± and integrated along 
w := z/r c . An Einstein radius is defined by the condition 
/3(0b) = 0, or 6>| = A<?(6» E ). 

For the IS halo, the normalized projected mass is given 

by 

dw 



gis(x) = / udu j — — 
Jo Jo 1 + u 



+ w 2 



4 Jo VTTTfi 2 V v ) 



(35) 



where we applied for the evaluation of the improper inte- 
gral the theorem of residues, and the corresponding bending 
angle is given by 



ais(x) = -p r c 



2VT+X 2 



For the NTS profile, we similarly find 
1 



A 2 



7T l) 



+ 



du 
Jo 



(1 + u 2 + w 2 



-dw 



2- A 2 



v/rT ^~ 1 + T6-y„ ( I 11- r 2 



2u z 



A 2 



(36) 



(37) 



du 



i-i! 



l + 2x* 



8 Ul + 1 2 ) 3 / 2 



- 1 



In comparison, for the NFW profile the projected mass 
g(x) has been calculated by Bartelmann (1996), Zhang 
(2004) derived those of its generalizations (19), whereas 
Park & Ferguson (2003), discuss the weak and strong lensing 
regimes of the Burkert profile (20) for which A cr = 8/ir. 



5.1 Corrections due to pressure 

A conserved symmetric energy-momentum tensor T M „ im- 
plies for the integrated spatial components the Laue theo- 
rem 

J T AB d 3 r=\^ 2 /roor-Wr (38) 



in the limit of flat spacetime, cf. Sexl & Urbantke (1983, 
p. 78). Since the anisotropic stresses (6) of our NTS are 
static, they do not contribute to the gravitational potential 
cj> in this limit. 

However, in a higher order approximation, the contri- 
bution from the radial pressure 



p r = 



A 3 m' 2 



A 2 p 



2^/x(l + A 2 x 2 ) 2 2-A 2 (r 2 + r 2 ) 2 



(39) 



of our NTS solution will cause a gravitational potential 
4> := (e" — l)/2 ~ (j> + VP, which is modified in compari- 
son to the linear approximation (28) valid for configurations 
without pressure. Since the shift e A is, according to the exact 
parametrization (11), only determined by the energy density 
p, its weak field approximation remains intact. 

The modified gravitational potential <j>, entering now 
in the corresponding deflection angle (30), can readily be 
obtain by caluculating the derivative Vi = 2f±d/dr 2 per- 
pendicular to the light path, but departing from the general 
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relativistic relation (21) for the rotation velocity: 
V ± 



1 1T7 / V i \ -t —1 2 V 

- Vi(e - 1) = r ± r 



M(r) 

47TI-3 



(40) 



in which the extra contribution from the radial pressure p T 
becomes explicit. 

Since e v+x ~ 1 as in the linear approximation and rdr = 
yV 2 — r\dz in the choosen coordinate system, we find from 
Eq. (30) for the deflection angle of a NTS halo 



a(f±) = 2f± 



d In r 



(41) 



In cases with a prescribed equation of state, Bharadwaj & 
Kar (2003) have discussed a similar relation between the 
deflection angle and the rotation velocity squared. 

In this next order approximation, not only the normal- 
ized projected mass (34) but also the radial pressure p T con- 
tributes via 



p(x) 



— / p T dz — 



A 



— oo 
2 



A 2 



f 

Jo 



x dw 



(1 + x 2 + w 2 ) 2 



4(2 — A 2 ) (1+x 2 ) 3 / 2 



ttA 2 



4(2- A 2 ) x ' 



(42) 



to the bending angle, using the same normalization. In 
comparison to g(x), the pressure contribution is negligi- 
ble for small as well as large angles. In fact, the resulting 
</(a;) = g(x) +p(x) is similar to the expression (38), only the 
term proportional to 2a; 2 will disappear. 

The corresponding lens equation (33) is drawn in Fig. 1 
for different A's. Its shape is similar to that of the Burkert 
profile, cf. Park & Ferguson (2003), albeit for a different 
scale. 

Eventually, more precise approximations would lead us 
to a general-relativistic treatment in which the nonlinear, 
gravitationally coupled KG equation (8) together with the 
full radial Einstein equations (9) and (10) need to be solved 
self-consistently, before the deflection angle (4) can be de- 
termined. Since the gravitational potential <j> of a galaxy is 
weak, we expect rather small corrections to the Emden type 
exact solution (15) from such numerical simulations, which 
are beyond the scope of the present paper. 

Let us also remark that our model of a self- gravitating 
NTS is quite different from, e.g., brane- world scenarios 
(Harko & Cheng 2006), in which corrections to the Einstein 
equations are considered due to effective stresses induced 
by the projected Weyl curvature in the hypothetical bulk. 
Moreover, contrary to the ad-hoc assumption of Pal. et al. 
(2005), the IS type density (16) for the dark halo is an out- 
come of our NTS model. 



6 DEMARCATION CURVES 

Even for our weak field approximation of the gravitational 
field, one can distinguish between 'weak' and 'strong' lens- 
ing, depending whether or not the lense produces one or 
multiple images, cf. Bartelmann & Schneider (2001). This 



depends on the characteristic value of the surface mass den- 
sity. For the dimensions lens equation (33), the interval 
< A < A cr is the range of 'weak' lensing, where the crit- 
ical value A cr emerges from the condition d/3/d9\ e=a — of 
a saddle point at the origin. Any lens-source combination 
with A > A cr will produce multiple images. 

Let us compare the critical values for different profiles: 



A cr = < 



( 

16(2 
16(2- 
4/tt 



A 2 )/[n(8 + 3A 2 )] 
A 2 )/[n(8-A 2 )] 



NFW profile 
NTS with pressure 
NTS halo 
IS halo 

Burkert profile 



(43) 



For < A < \/2, the critical value of the NTS halo is 
larger than that of the NFW halo, but smaller than that of 
the isothermal sphere, assuming for A — > \/2 and A — > 
the corresponding limits. Consequently, the NTS halo, al- 
though exhibiting no density cusp at the center, can pro- 
vide stronger lensing than the Burkert profile, irrerespective 
of the baryonic component. 

Whereas deflection angles of galaxies still seem to be 
difficult to measure, demarcation curves can more easily dis- 
tinguish between lensing scenarios with one or more images. 
Thus these strong demarcation lines could provide an in- 
dependent means to probe the observational validity of dif- 
ferent density profiles for dark matter haloes. For the NTS 
halo, there is only one image in the range < A < A cr , 
beyond A cr gravitational lensing will produce three images. 

It is remarkable that constant A lines, in particular 



4por c _ . 

— A cr , 

^cr 

corresponds to the scaling relation 



(44) 



(45) 



of DM haloes, which is parallel to the approximate scal- 
ing relation (18) predicted by NTS model. For 'maximum 
disk' models, it fits almost ideally astronomical observa- 
tions (Fuchs & Mielke 2004). For Burkert haloes, Salucci & 
Burkert (2000) proposed the related scaling relation Pb(0) oc 
nT 2 ^ 3 on an empirical basis. 



7 MAGNIFICATION AND TIME DELAY 

The magnification of lensed images is given by 
'sin/3 dfiY 1 (13 dp-' ~ x 



/' : 



/ sin/3 df3y' ^ /p d£ 
{sm6 de) ~\6d6 



(46) 



cf. Narayan & Bartelmann (1996). The tangential and radial 
critical curves (TCC and RCC, respectively) follow from the 
singularities of the tangential and the radial magnification 



/it 



■( 



sin P 



_ fdpy 1 



(47) 



respectively. 

Figure 3 shows the absolute value = \ (Q / p)(d0 / dp)\ 
of the magnification of a NTS halo for several values of A. 
Let us also determine the Shapiro delay given by 



r = 2 / Wl^- 



^-LdVdi. 



(48) 
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Figure 1. Dimcnsionless lens equation for the NTS halo with 
prcsure for A = 0.805. The solid, dotted, and dashed lines are, 
respectively, for A = 2, A cr , 0.3. Multiple images occur for A > 
A cr = 0.692428. 
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Figure 2. Values for Einstein rings (dotted line) and for the 
image separation (d(3/d9 = 0, dashed line), both for NTS haloes. 



It is controlled dominantly by the Newtonian gravitation 
potential 0, cf. Will (2003). 

On the other hand, the reduced Shapiro delay tp is the 
(super-)potential for the reduced deflection angle 



a{0) = V e ^{e) = \g{0)/0, 



(49) 



cf. Eq. (61) of Narayan & Bartelmann (1996). Thus we find 
equivalently, 

4>(6) = A f g(x)d\nx 
Jo 



Att 



8(2 — A 2 ) 



{-8- A 2 + 8^/T+lP + 



10000 
1000 
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Figure 3. The magnification of a NTS lens. The solid, dotted, 
and dashed lines are, respectively, for A = 2, A cr , 0.3. The inner 
peak for A = 2 notifies the position of a radial critical curve, 
whereas the outer peak gives the position of the Einstein ring. 
(For the logarithmic representation, the absolute value of /i is 
plotted. The magnifications between the singularities at both, 
positive and negative 9, are actually negative.) 
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Figure 4. The reduced observed time delay r := (9 — f3)' 2 — 2ip 
as a function of 9 for A = 0.805 and A = A cr . 



A 2 ) M(l + yl+^)/ 2 ]} 



(50) 



[In the next order approximation g(x) = g(x) +p(x), with 
the radial pressure of the NTS included, we would obtain 
the additional term XtyA 2 (1 - + <9 2 )/4(2 - A 2 ).] 

To the observable time delay 



.DiD, 



At = (l + Zl )^l[(e-f3) 2 -2^] 



(51) 



there contribute a geometrical part and the Shapiro delay, 
where z\ is the redshift of the lens. The result is shown in 
Fig. 4. 



8 CONCLUSIONS 

The lens properties of a solitonic scalar model of DM haloes 
reveal all qualitative features of a non-singular circularly 
symmetric gravitational lens. We derived the lens equation 
and plotted the corresponding curves, which turn out to be 
quite similar to those of the IS halo. 

For a comparison with observations, the Castles survey 
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(Kochanek, et al. 2005) of 43 lenses with multiple images 
permits us to determine the observed parameter A of the 
lens equation (33), i.e. 

_ 0.0057 rfirfis p r c 
Aobs ~ h d s M pc-2' {b2 > 

where h := ifo/100 kpc is the normalized Hublle constant 
and d\ := D\Ho/c etc. are dimensionless. 

The angular diameters have been determined with the 
code of Kayser et al. (1997) adopting the parameters of 
the cosmological concordance model. The scaling relation 
(18) for the sample of galaxies studied by Fuchs & Mielke 
(2004) implies por c ~ 200 M Q pc~ 2 , if we use the minimum 
disk models. We find from (52), that A b s < 0.3, which im- 
plies that no multiple images would occur, if the DM haloes 
were modelled by the quasi-isothermal sphere (IS), for which 
A cr = 4/V. A similar finding was recently deduced from the 
CSL-1 candidate (Sazhin et al. 2003): The assumption of a 
DM filament (Fairbairn 2005) with density p < 300 M pc~ 2 
is not sufficient in order to explain the presumably observed 
splitting of 8.6 x 10~ 6 radiants. 

However, for our NTS halo, A cr can approach zero as in 
the NFW case, whereas haloes modelled by the Burkert pro- 
file need an almost three times higher A in order to produce 
strong lensing (Park & Ferguson 2003). This differences be- 
tween the NTS model and the Burkert fit can be traced back 
to the fact that the NTS metric, as that of the related IS 
profile, corresponds to an asymptotically constant rotation 
velocity «oo . In a general relativistic setting, the space nece- 
sarily would exhibit a deficit angle of 4irv% J or, equivalently, 
can be joined to a conical metric. Light passing a NTS halo 
simulating such a 'cosmic string' will be deflected by this 
deficit angle which, according to (25) has the right order of 
magnitude. Consequently, after removing the deficit angle 
by coordinate transformation, the linear mass density peak- 
ing at the location of the central coordinate 'singularity' of 
the conical metric would produce a splitting of images also 
for NTS haloes. 

More recently, there are indications of a considerable 
flattening of dark halos from weak lensing observations 
(Hoekstra et al. 2004) of galaxies with a lower bound ehaio = 
1 — c/a > 1/3 on the observed halo ellipticity. Our Emden 
type scalar model has been probed (Mielke & Peralta, 2004) 
with respect to a possible ellipticity of exact NTS solutions, 
presumably due to rotation with angular momentum I, and 
round and flattened haloes are found, with an l/r 2i+2 de- 
cay of the density at infinity. A 'superposition' of round and 
elliptic solitons to a halo with an effective l e g — 1/2 could 
be envisioned which would have the r -3 asymptotic decay 
of the density, familiar from the Burkert and NFW profiles. 
This idea, however, needs further study. 

With respect to the core/cusp problem in low surface 
brightness galaxies, a new analysis by Gentile et al. (2004) 
has revealed that the Burkert curve - as any cored profile - 
has the best fits to the rotation curves of a new sample of 
five spiral galaxies. In general, the properties of DM haloes 
inferred from weak lensing (Hoekstra et al. 2004) provides a 
strong support for the existence of DM, whereas alternative 
theories of gravity, such as MOND, can almost be excluded. 
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